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Quantum tomography is an essential experimental tool for testing any quantum technology im-
plementations. Transverse spatial quantum states of light play a key role in many experiments in
the field of quantum information as well as in free-space optical communications. In this letter
we propose and experimentally demonstrate the tomography of spatial quantum states with a de-
formable mirror. It may be used to significantly outperform the conventional method with a spatial
light modulator (SLM) in terms of speed and efficiency, at the same time providing polarization
insensitive operation.
INTRODUCTION
The tomography of a quantum state is a standard pro-
cedure of determining an unknown quantum state by per-
forming a series of measurements over a large number of
its copies [1–3]. This procedure is widely studied both
theoretically and experimentally. In this letter we focus
on the tomography of transverse spatial quantum states
of light, which are often used as a model qudit system [4–
6].
Unlike the two-dimensional case, where efficient experi-
mental tools for quantum measurements are readily avail-
able, the realization of general measurements in higher
dimensions is typically a much more complex problem.
In some cases, e.g. for a composite qubit system, it is
still easy to perform a factorized measurement [7], ef-
fectively reducing the overall task to single qubit mea-
surements. On the contrary, higher dimensional spatial
quantum states of light use degrees of freedom of a single
particle, and so there is no universal and efficient solution
for its measurement.
A lot of efforts were targeted at the development of so-
called mode sorters [8–10]. They may be used for sepa-
ration of different spatial modes that represent a natural
(computational) basis for the quantum system in ques-
tion. However, mode sorters formally enable only a single
type of measurements, namely, measurements in the com-
putational basis, that is obviously insufficient for a full
state tomography. A typical solution for a general projec-
tive measurement is the use of a liquid crystal-based SLM
for mode transformation followed by a single-mode fiber
filter that performs projection of the resulting field onto
the fundamental mode [11]. Although this method has
been the standard technique of projective measurements
in the spatial mode space, the SLM-based measurement
technique has a number of significant drawbacks, namely
associated with its low switching speed, poor efficiency,
and polarization sensitivity.
The goal of this letter is to show that a measurement
SLM may be effectively replaced by a MEMS deformable
mirror, which can be switched at a much higher rate and
at the same time provide nearly lossless mode transfor-
mation and polarization insensitive operation. In the re-
sult, quantum tomography of substantially bright sources
can be potentially performed at millisecond time frames
and even faster, which is far from being tractable with
conventional SLMs. This may find applications in real-
time tomography of turbulent atmospheric channels and
other non-stationary experimental environments.
We experimentally demonstrate a deformable mirror-
based tomography in a 4-dimensional Hilbert space, that
yields adequate fidelity of the reconstructed quantum
states.
QUANTUM TOMOGRAPHY
The goal of quantum tomography is to reconstruct
an unknown density matrix ρ by a series of measure-
ments performed on copies of the quantum state in ques-
tion. According to the Born’s rule the probability of
observing an outcome γ for a positive operator-valued
measure (POVM) M with elements {Mγ} is P (γ ∣ρ) =
Tr(Mγρ). Experimentally obtained probabilities for a
sufficient number of different POVM elements allow to
calculate the desired ρ. As mentioned before, the realis-
tic measurement technique is limited to projective mea-
surements only, so a general POVM formalism may be
reduced to the following form of Mγ : Mγ = ∣Pγ⟩ ⟨Pγ ∣.
The minimum number of projectors required for a com-
plete tomography in d-dimensional Hilbert space is d2,
which may be chosen as the set of the symmetric, in-
formationally complete (SIC)-POVM elements. In this
letter we use a redundant set of d (d+ 1) projectors onto
elements of mutually unbiased bases (MUBs), which re-
sults in a much more symmetric array of the deformable
mirror states.
When it gets to experimental realization of projective
measurements especially with a continuous deformable
mirror, actual projectors may substantially differ from
the designed ones in terms of both efficiency and fidelity.
In fact, lossless projections onto MUB elements is impos-
2FIG. 1. Experimental setup. PC — polarization controller,
SMF — single-mode fiber, DM — deformable mirror, BS —
symmetric beam splitter, MMF — multi-mode fiber; D1,2 —
single photon avalanche detectors.
sible to realize even with a perfect phase mask. Thus,
before the actual state tomography one needs to perform
the so called detector tomography, to find the actual pro-
jectors that take place in the experiment [12, 13].
EXPERIMENTAL REALIZATION
In our demonstration we work with the following set of
Hermite-Gaussian modes constituting the computational
basis: HG00, HG01, HG10, and HG11, so the dimension
of the associated Hilbert space is d = 4.
The experimental setup used in our realization is
shown in Fig. 1. State preparation is realized with an
SLM using the conventional mode synthesis technique
described in [14]. The zero order diffraction is blocked by
an iris diaphragm placed at a distance of around 1 me-
ter from the SLM. The tomography stage is implemented
with a Boston Micromachines Mini-3.5 deformable mir-
ror (DM) consisting of 32 active elements arranged as
a 6x6 matrix with missing corners. The resulting light
field is focused into the single-mode fiber (SMF), deliv-
ering it to the single photon avalanche detector (SPAD).
As the rate of photons in the synthesized modes varies
with the mode, a reference channel with a multi-mode
fiber (MMF) is added with a symmetric beamsplitter in
the optical path.
The working wavelength is 780 nm, and the beam waist
parameter of HG beams is w0 = 0.9 mm. As the distance
between the SLM and the DM of 1.92 m is comparable
with the Rayleigh range of zR = 3.26 m, the SLM holo-
gram was adjusted to set the beam waist right at the DM
plane. Besides the apparent changes of the phase curva-
ture and the hologram size, this also requires proper ac-
counting of the Gouy phase to get correct relative phases
for superpositions of modes.
As mentioned before, for the tomography we use all
5 MUBs with 4 basis states in each as shown in Fig. 2.
The states of the deformable mirror are optimized for
the most efficient coupling of these 20 MUBs elements
into the SMF. The basic idea is to rectify the phase, thus
attaining the best overlap of the resulting field with the
basis 1 basis 2 basis 3 basis 4 basis 5
FIG. 2. Spatial distribution of amplitudes for all 20 MUB
elements used for the tomography: 5 MUBs with 4 elements
in each.
SMF mode.
In general, mode transformation in the deformable mir-
ror may be described by a unitary matrix M ′ in a larger
Hilbert space that includes higher order spatial modes:
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
a1
a2
a3
a4
a5
⋮
an
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=M ′
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
b1
b2
b3
b4
b5 = 0
⋮
bn = 0
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (1)
where we assume that the input state is limited to the
dimension of d = 4.
Thus, tomography of DM states accesses only the left
upper corner of the whole matrix M ′:
M ′ =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
m11 m12 m13 m14 ⋯
m21 m22 m23 m24 . . .
m31 m32 m33 m34 . . .
m41 m42 m43 m44 . . .
. . . . . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . .
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (2)
We will call it M . Apparently, this is a matrix with all
eigenvalues ∣λk ∣ ≤ 1.
In the experiment we directly (up to the constant split-
ting ratio and the efficiencies of the detectors) measure
probabilities Pij of coupling into the single-mode fiber,
where i is the number of the input state ∣Φi⟩ and j is the
number of the mirror setting; i, j ∈ {1,2 . . .20}. It equals
Pij = ∣⟨Ψ00∣Mj ∣Φi⟩∣2 , (3)
where ∣Ψ00⟩ is the fundamental mode and ∣Φi⟩ — the
MUBs elements.
3            
 
 
  
  
  
 3 U
 R M
 H F
 W R
 U Π
 D 
            
 , Q S X W  V W D W H Ψ
 E 
            
 F 
   
   
   
   
   
   
FIG. 3. A matrix of measurement results for the MUB-based protocol in a 4-dimensional Hilbert space: the probability of a
state Φi to pass through the projector Πj a) ideal projectors onto MUB states Φj ; b) ideal deformable mirror with the infinite
size and resolution; c) actual measurements with our experimental setup.
If the mirror was an ideal hypothetic device for con-
verting modes, it would be convenient to choose its set-
tings such asM †j ∣Ψ00⟩ = ∣Φj⟩, so the j-th projector would
be simply the projector onto ∣Φj⟩. This would result in a
matrix of Pij shown in Fig. 3a. In reality, a mirror even
with the infinite size and resolution is not capable of such
a transformation. Even the perfectly rectified phase of
the field does not allow to match the amplitude profiles
that leads to significant deviations of probabilities. This
scenario of a perfect mirror is simulated in Fig. 3b. The
actual results of the detector tomography, i.e. the ex-
perimentally measured matrix of Pij is shown in Fig. 3c.
Despite a significant deviation from the ideal DM, which
is expected because we use only 6x6 pixels DM, the gen-
eral pattern still holds and the projectors are assumed to
retain the high order of symmetry to effectively perform
the quantum state tomography.
To solve the overdetermined system of equations (3)
for Mj, it is easier to use the more general formalism.
Let the input state is described by a density matrix ρ,
which is measured with the particular mirror setting j.
Then the measured probability equals
Pj = Tr (ρ ⋅M †j ∣Ψ00⟩ ⟨Ψ00∣Mj) . (4)
This equation, being effectively a HilbertSchmidt inner
product for the two matrices, may be rewritten using the
vectorized notation [15, 16]
Pj = ⟪ρ ∣M †j ∣Ψ00⟩ ⟨Ψ00∣Mj⟫. (5)
In the detector tomography stage the input states are
known and are described by the ρi = ∣Φi⟩ ⟨Φi∣, while
the measurement matrix Πj = M
†
j ∣Ψ00⟩ ⟨Ψ00∣Mj is to
be found. By the construction, this matrix Πj is an im-
properly normalized projector, i.e. has only one non-
zero eigenvalue corresponding to the eigenvector ∣Pj⟩ =
M
†
j ∣Ψ00⟩. The eigenvalue itself shows the efficiency of
the projection. For each j one needs to solve the overde-
termined system of linear equations with varying i:
Pij = ⟪ρi ∣M †j ∣Ψ00⟩ ⟨Ψ00∣Mj⟫. (6)
The system is solved in the sense of a least-squares so-
lution. Due to the presence of experimental errors es-
pecially in the case of the overdetermined system the
resulting matrix Πj contains more than one non-zero
eigenvalue. In the detector tomography stage the mi-
nor eigenvalues are dropped to explicitly keep the form
of this operator as Πj = ∣Pj⟩ ⟨Pj ∣.
The quantum state tomography is the reverse of the
detector tomography: knowing Πj and Pj for all js, one
needs to solve the system (5) for the unknown ρ.
It is quite apparent that almost any d2 = 16 different
DM states are sufficient for the qudit tomography. How-
ever, some sets are more optimal than others. The quan-
titative measure may be the ratio between the largest
and the smallest singular values of the matrix formed
by the set of vectorized measurement matrices ∣Πj⟫:
η =maxλk/minλk. Indeed, if η is close to 1, inverting the
system (5) appears to yield the smallest uncertainty due
to the experimental noise. On the contrary, very large
ηs lead to the strong propagation of small experimental
noise into the solution.
The ideal case of Πj = ∣Φj⟩ ⟨Φj ∣ corresponds to η =√5 ≈
2.2. The infinite resolution mirror yields η ≈ 5.0; an ideal
6x6 mirror with independent pixels and the same pixel
size as in the experiment shows η ≈ 10.5. The measured
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FIG. 4. Distribution of the reconstructed states fidelity for a
set of 210 random pure quantum states.
matrix yields η ≈ 33, which is not so far from the ideal-
ized case. This gives a quantitative confirmation of the
claimed ’optimality’ of the chosen measurements shown
in Fig. 3c.
After the DM calibration matrix has been established
we performed tomography of different quantum states.
First of all we accomplished the tomography of the 20
∣Φi⟩ states that yields the average fidelity with the actual
states of 0.977 and the worst case fidelity of 0.940. Then,
random pure qudit states were generated and their den-
sity matrices were reconstructed using the tomographic
procedure. Figure 4 shows the histogram of the fidelity
for the measured 210 random quantum states.
DISCUSSION
The performed experimental demonstration shows the
plausibility of the DM-based approach to spatial qudit
tomography. The experimentally obtained fidelity of the
reconstruction is quite similar to other tomographic ex-
periments with spatial quantum states [11].
There are three main advantages of using a DM in-
stead of an SLM: 1. efficiency of mode transformation;
2. polarization insensitivity; 3. speed of operation. The
gain in efficiency is due to the way a liquid crystal SLM
operates. Its reliable use as a phase screen is typically
performed in the first order of diffraction, while all other
orders, including the 0-th, lead to the signal loss. The
phase shifts strongly depend on the polarization, limiting
SLMs to polarized inputs only. The DM, on the contrary,
reflects nearly 100% of light, giving in practice virtually
no loss, but the pure polarization insensitive phase shift.
The speed of operation of a liquid crystal-based SLM is
limited by a few hundred Hz, as these large molecules are
not agile enough to move faster under the applied electric
field. The MEMS-based devices easily show kHz switch-
ing rates and much more [17, 18] so a properly driven
DM may be able to switch states orders of magnitude
faster than conventional SLMs. Another good reason for
using the DM is a much more reasonable amount of data
required to define a new state. In our setup we only need
32 bytes of data to completely describe the states of all
32 available actuators. More recent DMs typically have
at least 100 and into a few thousand actuators, which
is enough for performing tomography in a much larger
Hilbert space than in our demonstration. On the other
hand, a typical SLM is a megapixel class device, requir-
ing at least 1 MB of data to define all its pixels. The
data should be calculated and then transferred to the
device. This by itself takes at least 3 orders of magni-
tude more time than transferring sub kB data for the
DM, and is typically limited by the supported frame rate
of the HDMI/DVI interface of a few hundred Hz.
Thus, the DM-based tomography may play a key role
for the tomography of non-stationary states, where the
high rate of measurements is crucial. For example, it may
be used in free-space communication channels to mea-
sure the disturbance of the transmitted quantum states
as well as in other dynamic experiments, where quantum
states vary in time. In the same way, it could be used for
the measurement of modal composition of classical bright
beams of light, as in classical free-space communications.
While the advantage in the efficiency is not that strik-
ing, DMs still may replace SLM’s to improve the overall
detection efficiency, critical in many quantum technology
demonstrations. This especially applies to the tomogra-
phy of unpolarized sources.
In conclusion, we demonstrated the use of a deformable
mirror for transverse spatial state tomography. Being one
of the most commonly used qudit systems, spatial quan-
tum states of light play a key role in many experiments in
the field of quantum information. Their fast and reliable
tomography is the cornerstone of further advancement
into the field. The proposed approach allows to per-
form tomography orders of magnitude faster and yielding
higher efficiency than with the conventional SLM-based
approach. The experimentally performed tomography of
randomly sampled qudit states demonstrated reasonable
fidelity of reconstruction.
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